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. Abstract 

I We present the explicit solution to the geodesic equations in a warped de Sitter space-time 

Q ' proposed by Randall-Sundrum. We find that a test particle moves in the bulk and is not restricted 

^ • on a 3-brane (to be taken as our universe). On the 3-brane, the test particle moves with uniform 

velocity, giving the appearance that it is not subject to a force. But computing the particle's energy 
using the energy-momentum tensor yields a time-dependent energy that suggests a time-dependent 
mass. Thus, the extra force, which is the effect of the warped extra dimension on the particle's 
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(<~^ . motion on the 3-brane, does not change the velocity but the mass of the particle. The particle's 



motion in the bulk also results in a time-dependent modification of the Heisenberg uncertainty 
principle as viewed on the 3-brane. These two results show that the classical physics along the 
extra dimension results in the time-dependence of particle masses and the uncertainty principle. 
If the particle masses are time-independent and Heisenberg's uncertainty principle is to remain 
unchanged, then there must be a non-gravitational force that will restrict all particles on the 3- 
brane. Finally, we just note that although classically, these time-dependent corrections on the 
3-brane can be removed, quantum mechanical corrections along the extra dimension will restore 
back the problem. 
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1.0 The Randall-Sundrum models (RSI and RS2 ^) were proposed as possible expla- 
nation to the difference in scales between gravity and the electroweak physics (one of the 
hierarchy problems). In contrast to the Arkani-Hamed, Dimopoulos and Dvali (ADD) ^ 
solution to the same problem where the extra dimensions are flat and range in size from 10^^ 
m (one extra dimension) to < 10^^^ m (four or more extra dimensions), in RS2 the extent 
of the lone extra dimension is oo and it is the warping factor that accounts for the difference 
in strength between the electroweak force and gravity. 

A basic assumption in the Randall-Sundrum model (and also in ADD) is that all particles, 
except the graviton, are constrained on the 3-brane, which is identified as our universe, by 
some unknown string mechanism. In this paper, we would investigate the motion of a particle 
if the string constraint is removed. In effect, we would derive the geodesies of a particle in 
a warped de Sitter space-time. We will also compute the particle's energy from the energy- 
momentum tensor and show that it is time- dependent, suggesting a time-dependent mass. 

The explicit geodesic solutions show that a test particle with mass will move in the bulk. 
This is consistent with the previous works of a number of authors j^, jsj, jsl. In particular, 
Liu and Peng showed that in RSI, a particle between the two boundary branes will move in 
the bulk toward the visible brane resulting in instability thus necessitating the introduction 
of a fluid in the bulk to restore stability. What is new in our computation is the result that 
on the 3-brane the particle will exhibit a uniform velocity motion thus suggesting that it is 
not subject to a force. However, this is false as the energy computation will show. 

Starting from the geodesic solutions, we use the energy-momentum tensor to compute 
the particle's energy. We give an explicit expression for the particle's energy and show that 
it is time-dependent. Furthermore, the time-dependent energy points to a time-dependent 
mass. This means the particle on the 3-brane is subject to an extra force due to the presence 
of extra coordinates, in this case a warped extra dimension. This result has already been 
known in the works of other people jsl, [t], jsl. What is new in our derivation is the use 
of the energy-momentum tensor in deriving the result. Also, the energy that was derived 
in this paper is clearly the extension of the Einstein energy-mass relation if motion in the 
warped extra dimension is allowed. 

We will also explore the consequence of the warped space-time on the uncertainty princi- 
ple. If the particle is allowed motion in the bulk, we show that the Heisenberg uncertainty 
principle will be modified. The modification is not a quantum gravity effect (it is not Planck 



2 



length dependent) but a simple kinematical effect of motion in the bulk on the 3-brane dy- 
namics. 

We note that if we begin with the fact that the measured masses of particles are constants 
and the Heisenberg uncertainty principle is well tested at the present energy scales, then we 
must posit the existence of a non-gravitational extra force, sometimes attributed to string 
physics, to restrict the particles on the 3-brane. We give an expression for this extra force. 
This non-gravitational force is known in the literature. 

Finally, we point out the effect of the quantum dynamics of the particle in the bulk. 
We argue that even with the extra non-gravitational force that restricts the particle on the 
3-branc, the quantum effects will make the particle, at the very least fluctuate, along the 
warped extra dimension. This will trigger small changes on the 3-brane, which must cause 
small corrections to the masses of the particles and to the Heisenberg uncertainty principle 
on the 3-brane. 

2.0 The measure in the warped de Sitter space-time used by Randall and Sundrum is 
given by 

dr^ = exp {-k\y\) [{dx^ - dx ■ dx] - dy^, (1) 

where y is the extra dimension and the warping strength k is determined from the cosmo- 
logical constant and the fundamental mass scale in the bulk. The non- vanishing Christoffel 
symbols are 

= = = ri, = ^{^)k, (2a) 
no = -n = T{l)kexp{-k\y\), (2b) 

where the upper/lower signs correspond toy > 0/y < and is a consequence of — = 

dy 

sign{y). The geodesic equations are 

d^x^ , dx^ dy ^ , 



dr'^ dr dr 



d y , 1 , / , I ,\ 
— ±-fcexp(-A;|y|) 



dx'' dx'' dx^ dx^ 



dr dr dr dr 



= 0. (3c) 



These are non-linear, ordinary differential equations, which are exactly solvable as we will 
show below. 
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Defining u'' 



dr 



■, for /i = 0, 1, 2, 3, we find tliat equations ([3]) are solved by 



(4) 



where 



dx^^ 
dr 



{y = 0). Using ([T]) in equation (3c), we find 



0. 



(5) 



This equation shows that ?/ = is an unstable point because displacing the particle to the 
right/left results in a force in the same direction which will move the particle farther away. 
This is the rationale for introducing a fluid in the bulk in the paper of Liu and Peng (see 
reference 4). 

Integrating equation (5) yields 



dy 
dr 



tan 



arctanfn ± -kr 
" 2 



(6) 



dy , 



where f o = ^(^ = 0). Integrating equation (6) gives 
dr 



1 1 
cos(-A;r) T Vq sin(-A;r) 



(7) 



Note that the solution satisfies yij = 0) = 0, which means (3^ = —;—{y = 0) = — — (r = 0), 

dr dr 

i.e., the constants (5^ are also initial conditions and not only boundary conditions. We can 



also rewrite equation (6) as 



dy_ 
dr 



±[(l + t;2)exp(A;|y|)-l] 



(8) 



dy dy 

which clearly satisfies '^^'^ ~ ^) ~ '^^^ ~ = "^o and is consistent with the reading of 
equation (5). Substituting equation (7) in equation (4), we find 

a;^(r) = + 



K{1 + vl) + (1 - ^o)^ sin {kr) T \ sin^ {hr) 



(9) 



where = x^(r = 0). We will take 6° = so that the time on the 3-brane is initially syn- 
chronized with r. Finally, we relate the constants of integration by taking note of equation 
(1) at ?/ = 0, yielding 

l = (/30)2-/3./3-< (10) 
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Equations (7) and (9) give the solutions to the geodesic equations for a test particle with 
mass in a Randall- Sundrum space-time. It shows the particle moving in the bulk. Time 
(x^) dependence of x and y can be shown by solving for r = t{x^) in the n = component 
of equation (9). The dynamics on the 3-brane is simply given by 



x = 6 + |^x°, (11) 



which is a uniform velocity motion hinting of free particle dynamics. The y dynamics as 
a function of x^ is more involved because solving for t{x^) can only be done by solving a 
polynomial equation, which results from expanding the sine functions in equation (9) in a 
Maclaurin series. The fact that y{x^) results in a time-dependent energy for the particle 

means that as viewed on the 3-brane, the particle is subject to a force that does not change 

dx (3 

its velocity {-r-^ ~ ~ constant) but only changes its energy. As we will show in the next 

(JjUj j.-) 

section, the energy is written in a form which hints of time- dependent mass. 

3.0 In a general n dimensional space-time, the energy-momentum tensor of a particle is 
given by j^l 

poo 1 a J b 

T^' = M{-g)-l dT^^6-{x-x{T)), (12) 

dr dr 

where the tilde quantities are solutions of the geodesic equation and M is the particle's 
invariant mass. The particle's energy is given by 

e = j T°°d"-^a;, (13) 

and evaluating this for the warped de Sitter space-time yields 



Mexp (|fc|?/|) 



-P(^i^i)(^r(i-^; 



(14) 



0\2 ■ 



where y is given by ([7]) expressed in terms of r = t{xP\ which is to be solved from the /i = 

dx P 

component of ([9]). Equation ( |T4l) also takes into account — ^ = — and clearly implies 

that the time-dependent energy is due to a time-dependent mass. It also clearly suggests 

m 

that this is the modification of Einstein's e = — r'^ if motion in the bulk is taken into 



account. In the limit of fixed y, equation ( fT4l) is just the special relativistic energy of a free 
particle with time-independent rest mass mg given by niQ = Mexp (|A; \y\). 
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Since the particle moves in the bulk as given in equation ([7]), the rest mass energy as 
viewed on the 3-brane is time- dependent and is given by (/3 = 0) 



5 

m(x°) = Mexp {-k \y\) 



dy ^2 



l-exp(fc|y|)( — 



(15) 



This is similar to Ponce de Leon's equation (13) [8], which he derived using the Hamilton- 
Jacobi equation in 5D. 

4.0 So far, we explored the consequences of the motion in the bulk in warped extra 
dimension on the particle's kinematics and mass as viewed on the 3-brane. We will now 
explore the consequence on non-relativistic quantum theory. We do this in terms of the 
effect on the uncertainty principle. The momentum of the particle on the 3-brane is pi = 
mvi, where the mass is time-dependent as given by equation (15). The uncertainty in the 
momentum measurement is given by 

Api = mAvi + Amvi, (16) 

where the first term is the usual uncertainty in momentum and thus equal to The 
second term is the uncertainty in the mass because during the measurement with time 
resolution 6x^ the particle's mass changes because of the particle's motion in the bulk. This 
uncertainty in mass is given by 

dm dy Q 

Am = — — ; — dx , (17) 

dy dxo 

where the derivatives are derived from equations (15), (8) and (9). But Sx^Vi = Axi, i.e., the 
uncertainty in the x measurement is equal to the time resolution multiplied by the particles 
velocity. Thus, we find 

h dm dy ^ . 

Note, this form of the uncertainty principle is reminiscent of the dual generalized uncer- 
tainty principle for de Sitter gravity [10]. There, it is the cosmological constant, which 
drives the accelerated expansion of the universe that provides the small correction to the 
Heisenberg uncertainty principle. Here, it is the motion in the bulk that adds uncertainty in 
the measurement in the particle's momentum through the uncertainty in the particle's mass 
during the measurement process. The correction to the Heisenberg uncertainty principle is 
time-dependent . 

We note that in an earlier paper. Wesson [ll| suggested that the uncertainty relation in 
4D must be a consequence of classical certainty in 5D. He derived a relation that shows the 



'fractional change in the position of the particle in the fifth dimension has to be matched by a 
change of its dynamical quantities in 4D spacetime'. Our derivation is more straightforward 
and shows not only the Heisenberg uncertainty principle but also how it is corrected by 
the time-dependent mass coming from the motion of the particle along the warped extra 
dimension. 

5.0 The motion in the bulk led to two interesting corrections to present day physics. 
These are the time-dependent mass of the particles and time-dependent correction to the 
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Heisenberg uncertainty principle. Either these corrections are very small (Wesson 
mated the time rate of change of mass — ^ ~ lO^^^sec"^, which is the inverse of the age 
of the universe) or not present at all (the Heisenberg principle is an established pillar of 
quantum mechanics and correcting it in a time-dependent way does not seem to be 'natural' 
for a fundamental law). If the corrections are removed classically, then there must be an 
extra force that should restrict the particles on the 3-brane. This extra non-gravitational 
force is known (see for example equation (26) of jsl). Unfortunately, although the particle 
can be restricted classically on the 3-brane, quantum mechanics along the extra dimension 
will induce fluctuations along this direction. We know this to be true from the hydrogen 
atom. Classically, a central force leads to a motion on a plane yet quantum mechanically the 
electron cloud shows the electron leaking out to the third dimension. The same thing must 
be true with dynamics in the bulk - i.e., quantum mechanics will make the particle 'leak 
out' to the bulk. What happens now to the particle masses and the Heisenberg uncertainty 
principle on the 3-brane? For these issues to be resolved, a full quantum treatment in the 
bulk should be made. 
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